For simple generalized Weyl algebras 4 of Gelfand Kirillov dimension 4, a class including the second Weyl algebra A 2 , some simple factor algebras of the universal enveloping algebra of the Lie algebra sl(2)_sl(2) and of U q sl(2)_U q sl(2), etc., the simple holonomic 4-modules are classified up to pairs of irreducible elements of certain noncommutative Euclidean ring.
INTRODUCTION
The results in this paper are valid for generalized Weyl algebras (GWA), but in this introduction we just phrase everything for the second Weyl algebra A 2 because it is a concrete way to introduce the ideas and results.
Let K be an algebraically closed uncountable field of characteristic zero. The n th Weyl algebra A n =A n (K) over K is generated by 2n indeterminates X 1 , ..., X n , 1 , ..., n , subject to the relations:
It is a simple Noetherian algebra of Gelfand Kirillov dimension 2n. The Weyl algebra A n is isomorphic to the ring of differential operators K[X 1 , ..., X n , Â X 1 , ..., Â X n ] with polynomial coefficients. Bernstein Theorem 1.1 [Bav5, Theorem 5]. A finitely generated A n -module M has Gelfand Kirillov dimension GK(M)=n and multiplicity e(M)=1 iff M& { W n (a twisted module) for some algebra automorphism { # Aut B A n which preserves the Bernstein filtration.
The structure of this paper is as follows. In Section 2 we recall basic facts about GWA. In Section 3 the simple modules are related to those of a ring and its localization.
Section 4 contains the proofs of our main results (the classification of simple holonomic modules over GWA up to certain pairs of irreducible elements).
In Section 5 we specify results to the case of the second Weyl algebra A 2 . Let us provide some more detail.
Let k be the Weyl skew field of A 1 (i.e., the full quotient ring of A 1 ). Then the second Weyl algebra A 2 =A 1 A 1 is a subalgebra of the first Weyl algebra k A 1 #A 1 (k) with coefficients from the skew Weyl field. Let M be a simple A 2 -module. Then M :=A 1 (k) A 2 M is an A 1 (k)module and a left k-vector space. One has three possibilities: dim k M =0; finite; infinite. Correspondingly the set of simple A 2 -modules is decomposed into 3 subsets (Proposition 5.1). So, the simple A 2 -module M is holonomic iff M is a finite dimensional A 1 (k)-module. Note that existence of A 2 (holonomic)"A 1 A 1 is a typical effect of``non-commutative geometry.'' Next we classify (up to pairs of irreducible elements) the simple k-finite dimensional A 1 (k)-modules (Proposition 5.3). We present the Weyl algebra A 1 (k) as a GWA
Then each simple k-finite dimensional A 1 (k)-module is a semisimple D-module (hence, D-torsion) which contains finitely many isotypic components, say n; each isotypic component is a simple D-module and any of them can be obtained from a fixed one by the action (twisting) of the group generated by _. Thus So, the first irreducible element in the description of A 1 (k)(k-fin.dim.) is just an irreducible element of D, say f, which defines a simple D-submodule of a A 1 (k)-module (i.e., DÂDf ). The central result of Section 5 is Theorem 5.4 which provides a description of the``nontrivial'' simple holonomic A 2 -modules:
Theorem 5.4. The map
is bijective with inverse [M] Ä [Soc A 2 M] , where Soc A 2 M is the socle of M considered as an A 2 -module.
Corollary 5.5 allows us to represent an element of A 2 (holonomic)" A 1 A 1 as a factor module of A 2 .
GENERALIZED WEYL ALGEBRAS
Let D be a ring, _=(_ 1 , ..., _ n ) an n-tuple of commuting automorphisms of D, (_ i _ j =_ j _ i , for all i, j), and a=(a 1 , ..., a n ) an n-tuple of (non-zero) elements of the center Z(D) of D, such that _ i (a j )=a j for all i{ j
The generalized Weyl algebra A=D(_, a) (briefly, GWA) of degree n with a base ring D is the ring generated by D and the 2n indeterminates X + 1 , ..., X + n , X & 1 , ..., X & n subject to the defining relations [Bav1, Bav2] :
where [x, y]=xy& yx. We say that a and _ are the defining elements and automorphisms of A respectively. For a vector k=(k 1 , ..., k n ) # Z n we put v k =v k 1 (1) } } } v k n (n) where for 1 i n and m 0: v \m (i)=(X \ i ) m , v 0 (i)=1. In the case n=1 we write v m for v m (1) and X=X + 1 , Y=X & 1 . It follows from the definition of the GWA that
The tensor product (over a base field) A A$ of generalized Weyl algebras of degree n and n$ respectively is a GWA of degree n+n$:
Let A=D(_, a) be a generalized Weyl algebra of degree 1, a # Z(D), _ # Aut(D).
The ring A is generated by D and by two indeterminates X=X + 1 and Y=X & 1 subject to the defining relations:
YX=a, and XY=_(a).
for some (n, m) # D. If n>0 and m>0 then n m : (n, &m)=_ n (a) } } } _ n&m+1 (a), In case a=1 we obtain a skew Laurent extension A= K[H, H &1 ][X, X &1 ; _]. This ring is the localization of the quantum plane K( X, Y | XY=*YX) &K[H](_, H) (resp., the first quantum Weyl algebra K( X, Y | YX&* &1 XY=1) &K[H]({, H), {(H)=*(H&1)) at the powers of the element H=YX (resp., H=YX&*(*&1) &1 ).
Let F m =A G 1 be the fixed ring of the first Weyl algebra A 1 under the action of the cyclic group G of order m, acting by multiplication Ä | , X Ä | &1 X, where | is a primitive mth root of unity. Then
is a simple algebra in case of char K=0, where _(H)=H&1.
A simplicity criterion of GWA of degree 1 with commutative coefficients was obtained in [Jo1] ; in the general situation and for arbitrary degree see [Bav3] . By Theorem 2.1 of [Bav2] and Proposition 9 of [Bav5] the algebras A in Examples 1 and 2 are with restricted minimum condition; this means that any proper left and right factor module of A has finite length. In the case of the first Weyl algebra this property is established in [Di1] .
From now on let
be the tensor product of algebras 4 i from Example 1 or 2 and let k 1 , ..., k n be the degrees of the defining polynomials a 1 , ..., a n of the algebras 4 1 , ..., 4 n respectively. 4. GK(M) n for every non-zero finitely generated 4-module M. [Bav3] .) The Krull dimension (in the sense of Rentschler Gabriel [RG]) K.dim 4=n.
(See also
6. [Bav7] . If K is an algebraically closed uncountable field and each defining polynomial has only simple roots, then the global dimension gl. dim 4=n; moreover, gl.dim 4 B=n+gl.dim B for every left Noetherian affine algebra B.
7. [Bav6] . Any left or right ideal of 4 can be generated by two elements.
Remark. In the case of the nth Weyl algebra A n (over the field of complex numbers) the Krull (resp., the global) dimension was computed in [RG] (resp. [Ri] in case A 1 , and [Ro] ). The fact that any left or right ideal of A n has two generators was established in [St2] .
A nonzero finitely generated module M over the algebra 4 as in Theorem 2.1 is called holonomic if it has (minimal possible) Gelfand Kirillov dimension GK(M)=n. We denote by 4 (holonomic) the set of isoclasses of all simple holonomic modules.
Let A be a GWA from Examples 1 and 2 respectively and let k be the degree of the defining element (polynomial)
such that the associated graded algebra gr B 
are GWA. The elements H and h are normal in the factor algebras above and the factor algebra
is a commutative algebra. The algebra 4=} n i=1 4 i has a filtration, say B=} n i=1 B i , which is the tensor product of the filtrations above. The associated graded algebra gr B 4 is the tensor product } n i=1 gr Bi 4 i of the associated graded algebras. It is an affine Noetherian algebra. Note that in case of the Weyl algebra A n =A n 1 the filtration B coincides with the Bernstein filtration of A n (the natural filtration associated with canonical generators). Now fix the filtration B.
A filtration 1=[1 i , i 0] of a 4-module M= i=0 1 i is called good if the associated graded gr B 4-module gr 1 M is finitely generated. A 4-module M has a good filtration iff it is finitely generated, and if [1 i ] and [0 i ] are two good filtrations on M, then there exists a natural number k such that 1 i 0 i+k and 0 i 1 i+k for all i. If a 4-module M is finitely generated and M 0 is a finite-dimensional generating subspace of M, then the standard filtration [1 i =B i M 0 ] is good (see [Bj] or [LVO] for details). [Bav4, 4.6 ]. If all 4 i belong to Example 2 and all a i =H i , the algebra 4 is (isomorphic to) a multiplicative analog of the nth Weyl algebra (see [MP] for details and refferences there), the existence of the Hilbert polynomial for M was established in [MP, Proposition 5.3 ].
Let 0 Ä N Ä M Ä L Ä 0 be an exact sequence of finitely generated 4-modules and let 1=[1 i ] be a good filtration on M. Then 1$=[1 i $=1 i & N] and 1 "=[1 i "=(1 i +N)ÂN] are filtrations on N and L respectively such that the sequence of gr B 4-modules 0 Ä gr 1 $ (N) Ä gr 1 (M) Ä gr 1 " (L) Ä 0 is exact. The ring gr B 4 is Noetherian and the gr B 4-module gr 1 (M) is finitely generated, so the gr B 4-modules gr 1 $ (N) and gr 1 " (L) are finitely generated, i.e., the filtrations 1 $ and 1 " are good and we have ( 2 . 4 ) Corollary 2.3. 1. Suppose that the algebra 4 is simple. Then each holonomic 4-module has finite length. If the field K is algebraically closed and uncountable, then
In case n=1, 4 =4 (holonomic).
2. Let M be a finitely generated 4-module and .: M Ä M be a monomorphism. Then GK(MÂIm .) GK(M)&1.
3. Suppose that n=2 and the algebra 4=4 1 4 2 is simple. Then each simple non-holonomic 4-module has Gelfand Kirillov dimension 3.
Proof. 1. It follows from Lemma 2.2(1) and (2. 3) that the 4-length l(M) of a holonomic 4-module M is less than or equal to k n e(M). In case n=1, GK(4)=2 (Theorem 2.1(2)). Let x be any nonzero element from 4, then the map .: 4 Ä 4, u Ä ux, is a 4-module monomorphism, so, by the Statement 2, GK(M) 1. The algebra 4 is simple infinite dimensional, thus it has no nonzero finite-dimensional modules. Hence each nonzero simple 4-module has Gelfand Kirillov dimension 1, and it is holonomic.
2. It follows from Lemma 2.2(2) and (2.1).
3. The algebra 4 is a domain. For any nonzero l # 4 the map 4 Ä 4, x Ä xl, is a 4-module monomorphism, so, by Statement 2, GK(4Â4l) 4&1=3. The left 4-module 4 is not simple, thus any simple 4-module M is an epimorphic image of some 4Â4l, hence GK(M) 3. K Let U=Usl(2) be the universal enveloping algebra of the Lie algebra sl(2) over a field K of characteristic zero and let C be the Casimir element of U. Then the factor algebra (* # K),
Let C be the Casimir element of U q =U q sl(2); 0 Â q # K is not a root of unity. Then for any * # K, the factor algebra
for some h # K (see [Bav2] for details). The algebra U q (*) is simple iff U q (*) has no simple finite dimensional module iff for each root, say +, of the polynomial a no single scalar q i +, 0{i # Z, is a root of a (K is a.c.). For other examples the reader is refered to [Bav2 Bav7 ].
The tensor product 4=} n i=1 4 i of algebras 4 i =U(* i ) or 4 i =U q (* i ) is an example of the algebra 4. In particular, an algebra } n i=1 U(* i ) is isomorphic to the factor algebra
SIMPLE MODULES OF A RING AND ITS LOCALIZATION
Let A be a ring and let B=S &1 A be the left (Ore) localization of the ring A at an Ore set S % 1 of A. We have the natural ring homomorphism A Ä B, a Ä aÂ1, which, in general, is not a monomorphism. For a left ideal m of B we denote by A & m the inverse image of m in A. The localization defines the localization functor
from the category of A-modules to the category of B-modules. An A-module M contains the S-torsion submodule
Correspondingly we say that a simple A-module is either S-torsion or S-torsionfree, i.e.,
The sum of all simple submodules of an A-module M is called the socle
Lemma 3.1. 1. The canonical map Proof. 1. It is easy to see that the maps S &1 and Soc are well defined.
)=N (as a nonzero submodule of a simple module).
Evident. K
Write LMAX(B) for the set of all left maximal ideals of B. A maximal left ideal m of the ring B is called socle, resp., convenient, provided Soc A M m {0, resp. M m is a simple A-module and the sets of all such ideals are denoted by LMAX.soc(B) and LMAX.con(B). Clearly, LMAX.con(B) LMAX.soc(B). In general, not every left maximal (resp. socle) ideal is socle (resp., convenient).
For a socle maximal left ideal m of B let J(m) be the smallest of the left ideals of A strictly containing A & m, then
is not empty. 
(3 4) Evident.
(3 O 2) As we have seen above, 
If the left ideal A & m of A contains a nonzero element v that acts injectively on every simple S-torsion A-module, then the
A-module M m is simple. Proof. 1. (O) Evident. (o) Suppose that M m is a nonsimple A-module. Then A & m is strictly contained in some left maximal ideal J of the ring A and S &1 J=B (otherwise, S &1 J = m and J A & S &1 J = A & m, a contradiction). So, J & S { < and N = AÂJ is a simple S-torsion A-module. Then Hom R (M m , N){0, since there exists a nonzero homomorphism M m Ä N, u+A & m Ä u+J.
SIMPLE HOLONOMIC 4-MODULES
Let K be an algebraically closed uncountable field and let the algebra
be the tensor product of GWA's from Example 1 or 2. From now on we will assume that the algebra 4 is simple. The main example of such an algebra is the second Weyl algebra A 2 =A 1 A 1 . We fix the notation Denote by k the skew field which is the full quotient ring
of the algebra C. Hence k is either the skew Weyl field or the skew field of the quantum plane. This follows immediately from the fact that the localization of the GWA
with coefficients from the field K(H) of rational functions. Note that in both cases the center of the skew field k is the base field,
The ring
and with the defining automorphism _ # Aut k D acting trivially on k. Let M be a nonzero simple 4-module; the localization
of the module M at C * is either zero or not. In the last case it is a simple A-module. With respect to these two possibilities we say that the module M is either C-torsion or C-torsionfree, so 4 =4 (C-torsion) _ 4 (C-torsionfree).
(4.1)
Proposition 4.1.
(C-torsion)=C A (holonomic).
Proof. The inclusion was established in Corollary 2.3. The algebras C and A are affine Noetherian (but not Artinian) integral domains, so the inclusion $ follows from (2.4).
On the other hand, let M be a nonzero simple C-torsion 4-module. The algebra C satisfies the restricted minimum condition, so M contains a simple C-submodule, say N. Then the 4-module M is an epimorphic image of the 4-module N A but, as we have seen at the end of Section 2, any submodule of N A is equal to N J for some left ideal J of A. Hence, M& N AÂJ, where the A-module AÂJ is simple. K
The simple modules over the first Weyl algebra A 1 were classified in [Bl1 Bl3 ]. For the algebras from Examples 1 and 2 this was done in [Bav2, Bav5] . The reader is refered to these papers for detail. For certain generalized crossed products including the algebras mentioned, the simple modules were classified in [BVO1] .
Denote by k(H) the skew field D * &1 D where D * =D"[0] and by
the localization of the algebra A at D * . The ring B is a (left and right) principal ideal domain. We identify A with its image in B via the algebra
The subgroup G of Aut k D generated by _ acts by twisting on the set D :
As an abelian group _ V coincides with V but the (twisted) action of D is defined as follows: . We say that an orbit O(V) is cyclic of length n (resp. linear) provided it contains finitely (resp. infinitely) many elements n= |O(V )|. By Cyc (Lin) we denote the set of all cyclic (linear) orbits, i.e., 
is the sum of all submodules of M isomorphic to V. The module M is decomposed into the direct sum of A-submodules
is a Z-graded weight module.
with respect to the Z-grading of the GWA
If V=DÂDf for some irreducible polynomial f # Irr D, then the map i.e., a simple D-torsion A-module with support from a linear (resp. cyclic) orbit belongs to the first set (resp. to the second). Moreover, A (D-torsion, cyclic)= n=1 A (D-torsion, Cycn n ) where [M] # A (D-torsion, Cycn n ) iff M is a simple D-torsion A-module with support from a finite orbit containing n elements.
Let * 1 , ..., * t be all the distinct roots of the defining polynomial a of the GWA A. The algebra A is simple, so the simple D-modules V i := DÂD(H&* i ) belong to the distinct linear orbits O i =O(V i ), i=1, ..., t, which are called degenerate. For each i set
Denote by D (linear), resp. D (cyclic), the set of isoclasses of simple D-modules which belong to the linear, resp. cyclic, orbits. We say that two isoclasses from D (linear) are equivalent, [V ]t[W], if they both belong either to one of 1 \ i , i=1, ..., t, or to a non-degenerate orbit.
Proposition 4.2. The map Proof. Each simple A-module L=L(1 ) from Proposition 4.2 is a semisimple D-module with non-isomorphic simple isotypic components (resp., k[H, H &1 ]) be a (resp., Laurent) polynomial ring with coefficients in a skew field k. Then a polynomial f # k[H] (resp., f # k[H, H &1 ]) is normal iff f =*g (resp., f =*H i g) for some * # k (resp., i # Z) and g # Z(k)[H].
Proof. The second statement follows from the first. So, we prove the first.
(O) Let f = * i H i for some * i # k. The ring k[H] is an integral domain, so there is an automorphism, say {, of the ring k[H] such that
A degree-argument shows that {(k)=k, so the condition above for d=* # k is equivalent to {(*)=* i ** &1 i =* j ** &1 j for all * # k and all nonzero * i and * j . Hence * j =+ j * i for some + j # Z(k). Now f =* i ( + j H j ). is the skew Laurent extension with coefficients in the tensor product k K(H) of fields. By the ring monomorphism
the ring A may be identified with its image in B. For n 1, denote by A [n] the subring of A generated by D, v n , and v &n ; it is a GWA:
which is a subring of B. The ring
is a (Z n =ZÂZn)-graded ring, where
resp.
For each i # Z n :
is an A [n] -module and it is the isotypic component of the D-module A(V ) which corresponds to the simple D-module _ &i V. The zero component 
Any nonzero A [n]
-submodule of A [n] (V ) is 1-generated and it is generated by any nonzero element of minimal length in the submodule.
Proof. 1. Straightforward (using Lemma 4.6). 
It follows from
Statement 1. K Definition. Let [V] # D (Cyc n ). An element u # A [n] (V) is called V-irreducible if A [n] u1. ann D u=ann D (v in u i ) for each 0{u i # V.
The A [n] -module homomorphism
is a monomorphism for any u i {0.
3. Let V=DÂDf for some irreducible polynomial f # D and suppose that 0{v # V satisfies _ n ( f ) v=0 (it exists since _ n V & V). Then the element
Proof. 1. It follows immediately from Lemma 4.7.
It follows easily from Statement 1 and the decomposition
3. Since ann D u=Df is a maximal left ideal of D and l [n] (u)=1, the element u is V-irreducible. K 
(4.12)
By Lemma 4.6 there is the decomposition In view of Lemma 4.6 and (4.11), the k-linear map
is an isomorphism of left k-vector spaces with inverse X i u Ä ((&i, i) &1 ) 7 Y i (X i u), thus all components in (4.13) have the same left k-dimension
The map
is a canonical isomorphism of A [n] -modules. We will identify the above modules via this isomorphism. Let u~be any element of A [n] which maps onto u under the natural epimorphism
Now, from composition of the natural isomorphisms of A [n] -modules
we obtain a natural isomorphism of A [n] -modules:
We identify these A [n] -modules by (4.17).
Using Lemma 4.6, we may always assume that the element u from A [n] (V) (resp., u~from A [n] ) can be chosen from i 0 X ni V (resp., from D[X n ; _ n ] := i 0 DX ni ). The k-automorphism _ of the ring D can be lifted to a k-automorphism of the skew polynomial ring D[X n ; _ n ] by setting _(X n )=X n .
Let us show that the A [n] -module epimorphism
is an isomorphism, where 1 =1+A [n] ( f, u~).
Since
the map is well-defined. The automorphism _ of D is k-linear, so the map (4.19) is k-linear and, under the identification (4.16), the length l [n] (_ i (u)) of the element [n] _ i ( f ) is equal to the length l [n] (u), and deg _ i ( f )=deg f. By (4.15) the dimensions of the left k-vector spaces in (4.19) coincide,
(4.20)
consequently the map (4.19) is bijective. Let us show that the A-module epimorphism Proof. The first statement has been proved above. It is evident that the isoclass [M(V, u)] is uniquely determined by the isoclass of any of its Z ngraded components [X i A [n] (V)ÂA [n] u]. Now, the statement follows from (4.18) and (4.19). K
We identify the ring A [n] with its image in the localization B [n] =S &1 A [n] =k K(H)[X n , X &n ; _ n ] or, more precisely, via the map
(4.23)
The ring B=B [1] admits an inner automorphism 
Lemma 4.11. Let 4 be an affine subalgebra of an affine algebra A such that A is a finitely generated left 4-module. Let M be a finitely generated A-module. Then GK( A M)=GK( 4 M).
Proof. Let A=4W for some finite dimensional subspace W of A. Choose finite-dimensional subspaces of algebra generators A 1 % 1 and 4 1 % 1 of the algebras A and 4 respectively, such that A 1 $W, A 1 $4 1 . Then A 1 A 1 4 c 1 W for some natural number c and, by induction,
. The A-module M is finitely generated, so we may consider a finite-dimensional generating subspace M 0 of A M. The A-module M has the standard filtration M= AM 0 = i=0 A i 1 M 0 . It follows from M=AM 0 =4WM 0 that the 4-module M is finitely generated and is equipped with the standard filtration M= i=0 4 i 1 WM 0 . For i 1,
For n 1, the GWA A contains the subrings A [n] , n 1, generated by K[H], v n , and v &n . The algebra A [n] is a GWA of degree 1,
which is isomorphic to GWA from Example 1 (for set h=HÂn, then _ n (h)=h&1). It is a central simple Noetherian affine algebra which is an integral domain. The algebra A is a left and right finitely generated A [n] -module:
A=
:
(4.25)
Then 4=C A is a left and right finitely generated, module over the subalgebra
Note that algebras 4 [n] are of the type 4. Soc 4[ n ] (M i It was proved above that, for every f # D such that [DÂDf ] # D (Cyc n ), there exists s # C * such that fs &1 is n-minimal. Clearly, if f is n-minimal then so is fs &1 for every s # C * . Consequently, any element of 4 (holonomic)"C A is an isoclass of some 4-module 4Â4 & A( f, u~) c &1 ( for some f, u~, c, and n as above).
Proof. 1. The 4 [n] -modules P and Q above are isomorphic to the holonomic 4 [n] -modules P and Q from the proof of Theorem 4.12, respectively.
2. The element f is homogeneous with respect to the Z n -grading of the rings 4 and A. Without loss of generality we may assume that the element u~is also homogeneous, so the left ideals A( f, u~) and 4( f, u~) are homogeneous. By (4.25), the 4-module
The 4 [n] -module M i is a natural epimorphic image of the direct sum of two 4 [n] -modules
Let us show that these modules are holonomic. Now we use the freedom in the choice of the V-irreducible element u: for any 0{: # K[H] and any i # Z, the element :v i u is also V-irreducible and A [n] ( f, u~)=A [n] ( f, :v i u~). In the expression of L i (resp. N i ) we may suppose that the element u~is from C K[H] v i , where i runs through i 0 (resp. i 0) because of
The ring 4 [n] is an integral domain, so the 4 [n] -module
is holonomic by Statement 1. Proof. By Corollary 2.3(2), GK(4Â4x) GK(4)&1=2n&1. Using the Z n -grading of the algebra 4, for every non-unit 0{x # 4, we can find a subalgebra E(x) of Gelfand Kirillov dimension 2n&1 such that E(x) & 4x=0, hence GK(4Â4x)=2n&1. K We denote by k=(A 1 ) * &1 A 1 its full quotient ring, the Weyl skew field. The second Weyl algebra
is the tensor product (over K) of two first Weyl algebras. The set of isoclasses of simple A 2 -modules is partitioned as
i.e., those having Gelfand Kirillov dimension 2 and 3, respectively (Corollary 2.3(3)). Each simple A 1 -module has Gelfand Kirillov dimension 1, so
Now, setting 4=A 2 , A=C=A 1 , we introduce the localization A of A 2 at (A 1 ) * . From Section 4 we recall that
can be identified with the first Weyl algebra A 1 (k) with coefficients in the Weyl skew field. It is a GWA of degree 1, is the skew Laurent polynomial ring with coefficients in the skew field k(H)=D * &1 D. Now A 1 (k)=A 1 (k)(D-torsion) _ A 1 (k)(D-torsionfree).
We aim to describe A 1 (k)(D-torsion). The action of the group G=(_) on this set yields the partition 
All modules L(1) are infinite-dimensional left k-vector spaces.
As we have seen, The next theorem describes the simple holonomic A 2 -modules which are not the tensor product of two simple A 1 -modules.
Theorem 5.4 (Theorem 4.12). The map
In the next corollary we obtain the precise form of the simple holonomic A 2 -modules from Theorem 5.4.
Corollary 5.5 (Corollary 4.14). Let [V=DÂDf ] # D (Cyc n ) for some element f # A 1 K[H] irreducible in D and let u~# A 1 (k) [n] be such that u=u~+A 1 (k) [n] f is a V-irreducible element. Then
is holonomic with socle Soc A 2 M( f, u~) &Soc A 2 M(V, u) provided _ i ( f ) is n-minimal for &n+1 i n+1.
2. Let J be a left ideal of A 2 containing A 2 & A 1 (k) [n] ( f, u~) and JÂA 2 & A 1 (k) [n] ( f, u~)=Soc A 2 M( f, u~). Then the left ideal a=J & A 1 of A 1 =A 1 1 is nonzero and for any nonzero element c # a
So, any element of A 2 (holonomic)"A 1 A 1 is an isoclass of some A 2 -module A 2 ÂA 2 & A 1 (k) [n] ( f, u~) c &1 ( for some f, u~, c, and n as above).
